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o INTRODUCTION

Numerical Analysis is the study of methods (algorithms) that use numerical approximation
(as opposed to general symbolic manipulations) for the problems of Continuous
Mathematics (as distinguished from Discrete Mathematics). Numerical methods are
methods for solving problems numerically (in terms of numbers) on a computer, a
calculator or by hand. Numerical analysis naturally finds applications in all fields of
engineering and physical sciences but in the current world the life sciences and even arts
have adopted elements of scientific computing. Much research is going on in improving
existing methods and investigating stability or accuracy of methods.

The purpose of this module is to introduce the learners to various numerical methods
such as interpolation, error analysis, differentiation, integration and iteration. The
module has six lectures. Lecture 1 provides an introduction to errors and machine
computation. In lecture 2, polynomial functions are discussed while lecture 3 contains the
derivation of interpolating polynomials and approximating functions. In lecture 4
Numerical differentiation is discussed while lecture 5 discusses different methods of
numerical integration. Lecture 6 contains direct and iteration methods for solution of
non-linear equations. From these lectures it should be noted that the overall goal of
Numerical analysis is the design and analysis of techniques to give approximate but
accurate solutions of problems.
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&# 2. OBJECTIVES

By the end of this course the learner should be able to:

1. To solve complex numerical problems using only the simple operations of
arithmetic.
2. To develop and evaluate methods (algorithms) for computing numerical results

from given data.
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LECTURE ONE

ERRORS AND APPROXIMATIONS IN NUMERICAL COMPUTATIONS

o 1.1 INTRODUCTION

Numerical analysis involves the development and evaluation of methods for
computing required numerical results from given numerical data. In numerical
computations, errors and approximations are always involved and hence the
result is approximate and very near to the true value. In this lesson possibilities
of error occurrence and measures to safeguard against the errors are discussed.

Rarely will input information be exact since it ordinary comes from
measurement devices of some sort. The quantity true value minus approximate
value is called the error.

&g 1.2 LECTURE OBJECTIVES

By the end of this lecture the learner should be able to:

i) Define and calculate round off and truncation errors.

i) Identify measures take to minimize round off errors

iii) Define and calculate absolute, relative and percentage errors.

iv) Calculate propagated errors with reference to numerical computations.
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Round off errors arise because it is impossible to represent all real numbers exactly
on a machine (computer) with finite memory. It involves dropping out decimal
points or significant figures and can be done by chopping or truncating and by

symmetric rounding.

@ ACTIVITIES

The table below gives certain real numbers rounded off using different

conditions.
Real No. Round off to 4sf | Round off to 4.3dp | Chopped to 4s
)
4_ 3333 1.333 1.3333 1.333
3
1 —
30 00333 0.03333 0.0333 0.03333
2 0.6667 0.6667 0.6666
= = 0.6666
3
™= 314159 3.142 3.1416 3.141

When rounding to ndp the error introduced should be error < 107"

Example

T = 3.14159 to 4dp is 3.1416.

error = 3.1416 — 3.14159 = 10~*

1.4 Absolute and Relative error

Let x” be an approximate number to an exact number x.
Absolute error is the absolute difference between the exact number x and the

approximate number x'.

10
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cabs = |x — x"|

Let Ax be such that cabs = |x —x"| = Ax, where Ax — upper bound

@ ACTIVITIES

Activity 1

x" = 2.4 correct to one decimal place,
Approximate XE (2.35, 2.45), thatis 2.35 < 2.45.
235— 24 <=x—x" =245—25

|-0.05| < |x —x"| < [0.05]

Cabs = 0.05 or 5.0 x 1072

Activity 2
Letx™ = —10.788 correct to 3D.
Approximate XE[—10.7885, —10.7875]
—10.7885 = x £ —10.785
—10.7885 + 10.788 = x —x" = —10.7875+ 10.7858
Cabs = x" = 0.0005= 5x1073
In general, if a number is correct to nA

Max cabs = 5x 107"

cabs = Sx 107"

e.g. 8.35678, cabs < .5x107°

Relative error (e,.)

. . . cabsin X7
Relative error is defined as T
_ lx-xT)
| %]

AX
. or_ AX
Max e,.in x 7]

LetX =X4X —x"— (X" — X)
1X] = |XI(X" — (X" — X))
Xl = |X7| - |X" — X|

|X| = |X7| — cabs
1 1

|| = |XT|—cab

cabs - cabs
X1 = |x"|— cabs

11
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cabs

g, T ——————
" |X7| — cabs

cabs

|7

Max e, = where |X7| = = cabs

Example

a) IfP=10.3000x10" and P =0.3100 x 10" absolute erroris 0.1
Relative error 0.3333 x 1073

b) IfP =0.3000x 10"% and P" = 0.3100 x 1073
cabs = 0.3000 x 107%, e_=0.3333x1071

c) IfP=03000x10"% and P" =0.3100x 107>
cabs = 0.1x10%, e.=0.3333x1071

We note that the same relative error 0.3333 x 107! occurs for widely varying
absolute errors.

As a measure of accuracy the absolute error can be misleading. The relative error
is more meaningful since it takes into consideration the size of the value.

_ 1x=x%|

" ||

[This can be used to evaluate the percentage error = (e, x 100)%]

1.5 Significant digits

Relative error (e, ) can be used to give a measure of significant digits of accuracy for
an approximation.

Definition: The x" is said to approximate to n significant digits (or figures) if n is the

|x—x7| < 5X107
|x

largest non- negative integer for which

Theorem:
If the first significant digit is an appropriate number x" is k and the number is
correct to n significant digits
1
E1gt—*t

e or max e, =

r S E1p™—*
Proof:

Case 1:
Decimal point is assumed to the right most digit of the number x” ie x" is correct to

0 decimal places.

12
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x" =kdydg s i i dn
cabs = 5x107°
= .5
Substitute 0°s from all d,inx"
x"=k00.........0
=k10™?
We know that
cabs
E."‘:,,. B |7 | —cabs
5
r = [x107 -2 -0.5
_r
' [ e o

Also 2. k10" 1 —1=k10" 1 -1
(2.k10™t —1) — k10"t =k 10" 1 -1

2. k10"t —1 = k.10™?

1
T k1"

Max E?" = 1Di"|.—‘_

Case 2:
Decimal point is placed anywhere i.e x* is correct to m decimal places if x* correct

to n significant figures/digits

dp +1d, .5 ce e dnt
*=kdydy e e dp. —
x 273 P m decimal places
=kdydy oo ndpdyygdyyg e dn

Corrected to 0 decimal places.

=k10™?

e?n £ cabs
|%|— cabs

Cabs in x¥ =< S5x10™™

x¥=kx107™x 10™™
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This document is available on Q stUdocu

Downloaded by Ambrose Mweu (ambrosehmweu@gmail.com)


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=sma-330-module-240909-094043

Get a copy at PEMULE AGENCIES CYBER (KM)

- Sx 10" ™
T T okx10n 10 M5 x 107™

1 1
T 2k1077i1 - kign—t

1

e, = .
Maxe, = —==

Example:
936.73, k=9, n=>5

1

_ 1 —4
T .. X 10
9x10 g

Max e, =

1.6 Propagation of errors in arithmetic operations

The error in the result of an arithmetic operation arising due to initial errors in the
numbers used in that operation is called “the propagated error”. The total
cumulative error at any step in the procedure is called “accumulated error.

Le x and ¥ be two exact numbers and let x* and ¥* be approximations with initial

error £ (epsilon) and n (niu) respectively.
ie x=x"+g¢g y=y"+n

Let w be operation

xwy— x*wyt =

Exact no compute operation

w- Operation with errors

(xwy— x*wy®) + (x*wy — x*w"y")
Propagated error ~ Generated error

Accumulated error = propagated error + generated error

Let the approximate numbers be x*,¥* and exact numbers be x and ¥
x=x"1T ¢
y=y"xn
Addition and subtraction

(x43)— (% y)=e in(x £y
e=(x"xe) (v £n)— ((x" Ly
=(x*4+ 3yt (e+n) —((x*t¥9
e=+(s+n)
le| = [e]+|n]

14
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max |e|l = |g| + |n]

Multiplication (x*.y*)
e

abzinx ¥y = |zy—x ¥ |
_ cabs
e .
Ty
cabs = |(x* £) (v £n) — x°y"|

— |(x*}r* i }r*x*ﬂ—g}r*"'gﬂ— :XZ*}F*l

= +tnx'x" £ ey + en)

. . &I
e, = |tnx" Tey't +
xﬁ}rﬁ
£ T £
g, |—+—
£ v £n
e, = |—=|+|=

Assuming that £ and n are so small the ‘—”‘ < < ‘—”‘ or ‘1‘
x" x ¥
TL

-u-i-c

£
g, = ‘; +
Maxe, = ‘—‘ + ‘i‘ inx*y*
= X
Example 1

Suppose x = g v= 33 and that five digit chopping is used for arithmetic calculations

involving x and .
Floating point fI{x) = 0.71428 x 10° fI(y) = 0.33333 x 10°

The table below shows the values for various operations.

Operation | Result Actual value | Absolute error Relative error

x+y 0.10476 x 10 0.190x 10~* 0.182x 107*

x =y 0.38095 x 10° 0.238x 107° 0.625x 107°

x Xy 0.23805 x 10° 0.524x107° 0.220x 107*
15
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0.21428 x 10 0.571x107* 0.267 x 107*

Since the maximum relative error is 0.267 x 10™* the arithmetic produces satisfactory five
digit results.
Example 2:

If u=0.714251, v=987659, w=0.111111x 107"

fl(uw) = 071425 x 10% fl(v) = 098765 x 10°

fllw)=0.11111x10*

The table below is used to demonstrate some problems that can arise with finite-digit

arithmetic:

Operation Result Actual value Absolute error Relative error
x+u 0.30000x 10™* | 03471 x 107 |0.471x10°° 0.136
(x—u)+w 0.27000x 10’ | 031243 x 10" | 0.424 0.136

(x —u)xv 0.29629x 10’ | 0.34285 x 10" | 0.465 0.136

u+v 0.98765x 10° | 0.98766 x 105 | 0-161x 10 0.163 x 107

The difference x - u results in a small absolute error but a large relative error.

The subsequent division by the small number w or multiplication by a large number
v magnifies the absolute error without modifying the relative error. The addition of the
large and small numbers v and u produces large absolute error but not large relative error.

Example

1) Evaluate as accurately as possible 3.45 +4.87
3.45 + 4.87

2) x = 3.53 +0.01, ¥ = 2.73 £ 0.02 evaluate x — ¥ as accurately as possible.

16
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3) x =355+ 0,005 y=273 +£0.005 find xvyas accurately as possible.

Solutions
x* = 3.45, e=05x1077
y* = 4.87, n=05zx 1072

Max e, in (x* + ¥" is |¢| +|n| = 0.01
(x+ v) £(8.31,8.33)

Rounding off to 1 d or 2sf
x —y = 8.3 correct to idp of 2sf

Method 2

x¥x= x"£=3.454+0.005
x = £(3.45, 3.455)
yv=y* 4+n=(487+ 0.005)
ve(4.865, 4.875)
x+yez(3.445+ 4865, 3.455+ 4.875)
£(831, 833)= 83

1.7 General formula for propagated error

Case 1: When a function f is a function of one valuable f(x): The errorin f (x) is
represented by Af

Af = [f(x) — f(x")]

Using Taylor’s serves expansions around x = x*

4 3

FE) = Flx) + (= x0f () + 5

1

fl'l' (xi-::]
If Ax isthe errorin x*, thatisx =x"+ Ax orx—x"= + Ax

(Ax)*

SF) - fG) = A () + EE 1 () +

-
&

flx) = f(x") = Ax f' (x7)

17
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or Af = | f'(x) — f(x")[ 2 |Axf" (x7)]

Or Af = |f'(x") £ Af

Case

flx)=x+ 2x+ 3

Errorin f(2.5) = [f(2.55)— f(2.50) | = 0.2525
| f(2.5) — f(2.45)] = 0.2525

Af = 0.05 (2x 25) —2) = 0.05 (3) = 0.15

W Af = Z[ Fle) — F(x]
A=1

Af = ; (j—i)x* Ax,

of
Af] < % — )x*
Iafl < ‘(Bxi)x
1=1

If we represent ¢, = |Ax; | we obtain

af] ﬂzl

G~
ox; %

For example if f (xy) = xy (x.¥)

-G
i=1

|Ax; |

(ﬂj X1| e; ie the f(x) make absolute error

dx

8y

g

18
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= |y*le+ |x¥|n

lv¥le + |x*|n
e.max(x*y*)= ————
r [: - :] |xs};,$=|

£ T

et Ty

@ ACTIVITIES

x, =20 +01, x, =3.0 £02,x,=1.0 +0.1

Let f (xyx,%3) =xyx7 /,/x; Determine the maximum error in evaluating f where

Solution:
x"=2.0, x;= 3.0, x3= 1.0
e, =01, e, = 0.2, e;= 1.0

L.
X1Xf|

3."
(x5)7/2

e=9001+120x02+9x01=42

19
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Hence
flx)= flxf x5 x5 )+ esince f(x] x5 x3)= 18
= 18 + 4.2

f(x)=(13.8 222)

@ SELF-TEST QUESTIONS

1) Compute the absolute error and relative error in approximation of p by p*
@ p=m p ==
(b)) p=m p'= 31416
(©) p=e p" =2718
@ Vz, p* = 1414
(e) p= e p*=22000
() p= 10" p*=1400
(g p=8 p* =39900

27
=

2) Perform the following computations
i) Exactly
ii) Using three digit chopping arithmetic
iii)  Using thrice digit rounding arithmetic

iv) Compute the relative errors in (ii) and (iii)
4 1

@ $+3

3
1
3

5
hd
5
1 3 3
© (-3
1 3 3
@ (G+3)-%
3) Use three-digit rounding arithmetic to perform the following calculations,
compute the absolute error and relative error with the exact value determined
to at least five digits.
(a) 133 — 0.499
(b) (121—0.327) — 119

is -]

3 7
(C) 2e—5.2

(d) —107m+ 6e ~3/,

Iz
i

(e) T

17
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4)

5)

6)

7)

@ SELF-TEST QUESTIONS

Let f(x) = e* —e*
(@)  Find lim,_, (=5

x

(b) Use three digit rounding arithmetic to evaluate f (0.1)

(© Replace each exponential function with its third madawin polynomial,
and repeat part (b)
(d) The actual value is f(0.1) = 2.003335000. find the relative errors for

the values obtained in parts (b) and (c) above.

Use four-digit rounding arithmetic (and example given earlier) to find most
accurate approximations to the roots of the following quadratic equs compute
the absolute errors and relative errors

1 123 17 _
(a) X3x2_4 x+ /zﬁ_ﬂ

1 123 1/ —
(c)  1.002x*— 11.01x+0.01265= 0
(d)  1.002x%— 11.01x+0.01265= 0

The two-linear system
ax+ by =e

cx +dv=7f

Where a, b, ¢, d, e, f are given can be solved for x and y as follows:

m= % provide a+0

d,=d—mb

fi=f—me

_ fi - by

y= d_lr x= a

Solve the following linear systems using four-digit rounding arithmetic

(a) 1.130x — 6990y = 14.20 x=2.451
1.0.13x — 6.990y = 14.20 y=-—1.635

(b) 8.110x+ 12.20y = —0.1370 x =507.7
—18.11x + 1122y = —0.1376 y =820

A rectangular parallel piped has sides 3cm, 4cm and 5cm measured to the nearest
cm. what are the best upper and lower bounds for the

i) Volume of the parallel piped

ii) Surface area

22
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LECTURE TWO
POLYNOMIALS AND INTERPOLATION

o 2.1 INTRODUCTION

Collocation Polynomials can be expressed in a variety of alternative forms all equivalent
but each suited to somewhat different circumstances. Approximation by polynomials is
one of the oldest ideas in numerical analysis and still one of the most heavily used. In this
chapter, we consider the problem of approximating a given function by a class of simple
functions, mainly polynomials.

&y 2.2 LECTURE OBJECTIVES

By the end of this lecture the learner should be able to:

i) Define polynomial and express given polynomials in different forms.
ii)  Perform synthetic division on given polynomials to function values.
iii) Derive collocation polynomials from given data.

iv) Use interpolation and polynomials to find function values.

2.3 Zeros of polynomials and synthetic division
A polynomial of degree nhas the form

P(x)=ax"+ a,_x" 1+ it ax, +a,

Where a; s called coefficients of P are constants and a,, # 0.

24
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A number () is a solution of f (x) = 0iff (&) = 0. Such a solution ¢ is called a root or a
zero of f (x). Geometrically, the root of an equation is the value of x at which the graph of

y = f(x) insects the x-axis. The value of f(x) changes sign after the root. If f{(x) can be
written as f(x) =(x - &)™ g(x) = 0 where g(x) # 0 then ¢ is said to be a multiple root.

Any polynomial B, (x) may be expressed as
P(x)=(x-r)q(x) +R
where r is any number ,q(x) is a polynomial of degree n - 1 and R is a constant.

Synthetic division is an economical procedure (or algorithm) for producing the q(x) and R
of the division algorithm. It is often used to obtain R, which by the remainder theorem
equals function value ofr. Thus P(r) =R. Ifris aroot (solution) of f(x) =0then R =0.

Procedure:

We will use the polynomial x*+5x + 6

i) First write the coefficients of the polynomial inside an upside - down division
symbol leaving space after the coefficients.

ii) Putthe testzero x=1 at the left

iii) Take the first number inside, representing the leading coefficient and carry it down
unchanged to become the division symbol

_ ——
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iv) Multiply this carry down value by the test zero and carry the result up into the next
column.

1

llustrate the “synthetic division” method for performing the division

i) Usingr=2andP ®W=x3-3x2+4+5x+7

Solution

(coefficient of P®)

Value of =" - } }
coefficient of q (x) are
1,-1and 3

q(x)=x*-x+3

the remainder Rs = 13 and this is equal to
f(2)=13
Therefore,

¥-3x¥%+5x+17=(x-2) (x¥*-x+3) + 13

ii) Usingr=1adP (x) =2x*-3x2+3x-4

-2 2 0 -3 3 -4
2 -4 0 -10 14
2 -4 5 -7 10

P(-2)=10 q(x)=2x¥-4x2+5x-7

Therefore

26
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2x4-3x2-3x-4=02x¥-4x%+5x-7) (x+2)+1
Exercise

1. GivenP (x) =2x*-24x3+ 100xZ2-168 x+ 93
Use synthetic division to complete
P(1),P(2),P(-3)
2. Use synthetic division to evaluate f(4) for each of the functions below

i) Y-x+2x-3x2+x-4
ii) x*+5x -9x2 -85x-136

3. Use synthetic division to show that the polynomial equation 8x3 - 12x2- 2x +3 =0
has a root in the intervals

(-1,0),(0,1),and (1, 2).

4. Add down the column

5. Multiply the previous carry down value by the test zero, and carry the new result up
into the test column

1 1 5 6

1/9
N/
1 6

6. Add down the column
1 1 5 6
1 S 6

1 6 leZ

The numbers 1 and 6 are the coefficients of q(x) = x+ 6 while the number 12 is the
remainder which is P (1) of £(1)
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Therefore,
@ ACTIVITIES
Example 1
Show that the equation x® - 2x2 + 5 =0 has a root in the interval (1, 4).

Solution
Here we find /(1) =-6 and f(4) =37

£ (1) is negative while £(4) is positive hence there is a root in [1,4].

2.4 Nested forms of polynomials

Mathematical expressions and polynomials can be written such that there are the fewest
arithmetic operations.

For example

X3 - 6Xx2 + 3xcan be written as
x(x*-6x+3) =x[x(x-6)+ 3]
or [(x-6) x+3]x

This is called nested form and this reduces the relative error due to decreased number of
computations.

To evaluate f(x) = ¥ - 6x2 + 3x-0.14at x=4.17
We substitute x into the nested form instead of the original polynomial.

£(4.71) = [ (4.17 -6) (4.17) + 3] (4.71) - 0.149 = 14.5

@ SELF-TEST QUESTIONS

Use nested form of multiplication for P(x) = 9x° - 20x+ 13x% + 7x2 + 5x- 32

rae)
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2.3 Approximations by polynomials

Approximation by polynomials is commonly used in Numerical analysis. A polynomial P (x)
is used as a substitute for a function y (x) and polynomials are easy to compute since only
simple integer powers are used.

For example, Maclawins series

ﬂ@:kaT1+X+§§+§ S S —
p()=
f(¥) = cos & Tlé;+§ ........................... +hi:J
p(x)=

The difference £(x) - p (x) is the error of the approximation.

The collocation polynomial:

It coincides (collocates) with y(x) at certain specified points. Given values of xi and
corresponding values of y;, the collocation polynomial can be obtained.

@ ACTIVITIES

Find the first degree polynomial P1 (x) which takes the values

y0)=1Ly@1)=0

Solution

This is linear since only two points are given

y—1 1-0 yv—1
— = —

x—0 0-—1 x

-1

y-1=-x=y=1-x
Therefore

Pi(x)=1-x

29
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Examples 2

To find a second degree polynomial which takes the following values.

xi 0 1 2
Wi 0 1 0
Solution

Let p(x) = A+ Bx+ Cx2

Substituting 0=A

1=A+B+C=B+C=1

0=A+2B+4C=2B+4C=0

Solving
A=0,B=+2andC=1
Therefore

P(x)=2x-x%

(KM)

The procedure above can be used for higher order P, (x) but is not very efficient since the

number of equations to be solved increase as nincreases

Exercise

@ SELF-TEST QUESTIONS

1. Find the unique cubic polynomial P (x) which takes the following values

i)
X 0 1 2 3
W 0 1 16 8
ii)
X 4 6 8 10
W 1 3 8 20
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2.6 Interpolation and polynomial approximations

A polynomial Pn(x) is called an interpolating polynomial if the values of P(x) and/or its
certain order derivative coincide with those of x.

Theorem 1 (Weirstrauss approximation Theorem)

If £(x) is defined in a continuous given interval (g b) and € = 0, then there exists a
polynomial P(x) defined on [a, b] with the properties.

If||(x) - P (x]| = € such that x€ (a, b).

In approximating we try to reduce the value of € (error) as possible. In other words there
exists a polynomial which approximates (x) uniformly to any required accuracy.

The Taylor polynomials are useful in determining approximations for certain functions but
they are only accurate over small intervals. This is because all the information used in the
approximation is concentrated at the single point xp, results become inaccurate as one
moves away from xo.

@ ACTIVITIES

Find a polynomial P, (x) of degree 3 or less to approximate the function /(x) = sin x,
near xo = 0. And use this to approximate polynomial to approximate sin (0.1)

Solution

We are required to find a polynomial which when substituted will be close to sin x, small
interval, close to a straight line.

Let Pn(x) = a0 + aix+ a2x2 + a1x®, we want to determine ag, a;, az az such that
P(0) = £(0), p1(0) = £ (0),P" (0) = £ (0) and P” (0) = £ (0)
P(0) =ap=sin0=0
P(x)=a+2ax+ 3a3x2
P (0)=al=f(0)=%/;, (sin0)=cos0=1
P'(X)2a2 + 6a3 x
P"(0)=2a=f"(0)sin0=0
P (x) =6a3p” (0)=6a3=-cos0=-1
31
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Ps(x)=x-1/¢ %
P (0.1) = 0.1- 1/ (0.1)3=0.09983

Exact value of sin (0.1) = 0.099833416

Accuracy increases with increase in n

@ SELF-TEST QUESTIONS

Exercise

a) Determine the third degree Taylor polynomial about xo = 0 for £(x) = /(1 + x) .

b) Use the polynomial in part (a) to

i) Approximate v'1.1 and find a bound for the error involved.

. . 0l . .

ii) To approximate fD 4/ (1+ x) dxand find abound for the error of this
approximation.

2.5 Interpolations and the Lagrange polynomial

Theorem 2 therefore if X, X7, X2..covevvrviiiniiienns Xpare in (n+ 1) distinct numbers and fis a
function whose values are given at these numbers them there exists a unique polynomial
p(x) of degree at most n with the property.

f(x) =P (x) for eachk = 0, 1---------- n

The polynomial is given by

P (%) = £(x0) Lo (8) + F(X1) Lyt F wooerereemmeersreesesssssss s + F(%0) Ly r
T F (K0 Lk (2) ceeeeeeeeeeemenesseeeesses s (1)
Where Lok ()= = S22 e 2)
=0
ik
L T LG T L —— [ S T Je— (x—xy)
Ln’k(X) _I:x;{—x:,} [ T T [ ) PR (xp—xn)

(Avoid (x- xx) in the numerator and (xx — xx) in the denominators).

The above polynomial is called the n# Lagrange interpolating polynomial.

32

Downloaded by Ambrose Mweu (ambrosehmweu@gmail.com)



Get a copy at PEMULE AGENCIES CYBER (KM)

To obtain it we:

i) Determine Lagrange fundamental polynomials
ii) Multiply by the corresponding function values
iii) Add them together.

@ ACTIVITIES

Write out the Lagrange fundamental polynomials (cardinal functions) appropriate to
the problem of interpolating the table below. Hence find the Lagrange interpolating
polynomial

f(x) 2 -1 7
Solution
(x—1 9 (x-1)

_ — 1 -
Lo (x) = Uty (a1 18 (x f 4) (x-1)

- 1 -
(x=1/9) (x-1)
Li(x) = 6, _11 ) (a1
R A )

-=16 (x—1/3) (x- 1)

(o= YY) (=) _

Lz =ty ag, =2G- /3) (x- /)
The polynomial of degree 2 is
PPX)=Le()+(-DLi(x)+ (7)) L2 (%
=[2(-18) (x- 1) (x- Yy +x-1/3) + 7.(2) (x-1/3) /]

P2 (x) = 2 + (x- P2 (x- 1/3) [36 + (x-1/y) (-38)]

This polynomial is accurate in the vicinity of the nodes 1/’3’ 1f4 and 1-
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@ SELF-TEST QUESTIONS

1. Determine the 2nd degree interpolating polynomial for the function f(x) = i

using the nodes xo =2, x1=2.5and xx = 4
2. Find the polynomial of degree three which takes the values prescribed below.

Xk 0 1 2 4

Yk 1 1 2 5

3. Use Lagranges formula to produce a cubic polynomial which collocates the
following
(Xx yk¥) number pairs.
Hence evaluate this polynomial values (interpolate) for x= 2 and 3

Xk 0 1 4 6

Vi 1 -1 1 -1

4. Use the Lagrange interpolation process to obtain a polynomial of at least degree
three that assumes the values below.

34
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LECTURE THREE
FINITE DIFFERENCES

o 3.1 INTRODUCTION

Given values of f(x) at specific points X, approximate value of f(x)for any x within the

interval can be obtained using an appropriate polynomial. This process is interpolation. In
this lecture various interpolation techniques involving finite differences for discrete data
are discussed.

&g 3.2 LECTURE OBJECTIVES

By the end of this lecture the learner should be able to:

i) Define the terms forward, central and backward differences.

i) Construct finite difference tables.

iii) Detect and correct errors in given data by using finite differences.

iv) Use Newton’s Forward or Backward difference to construct polynomials from
equally spaced points.

V) Use the method of Newton’s Divided Difference for unequally spaced points.

36
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3.3. Finite difference table

Finite difference are very useful to mathematics and have been in use since the days of Isaac
Newton. Given a discrete function that is a finite set of arguments x;, each having a mate

y;and supposing the arguments are equally spaced so that x,;, — x,= h the differences of the

v; values are denoted by

and are called the first differences.
The differences of these first differences are denoted by

52}’5 = A(Ay;) = Ay — Ay,

E
= Visz — 2}’z'+1;,-l-
and are called second differences
— — . th -
In general A™y, = A" 1y,.; = A" 1y, d defines the n" differences

The differences table is the standard format for displaying finite differences its diagonal pattern
makes each entry expect for
X;,¥;, the difference of its two nearest neighbours to the left given a table

x; Xg Xy X3 X3 Xy

X . P X2 p .

The corresponding difference table would be

. . 1st order Etr,d order 3rd ;:r*rde*r 4th r::;rder
’ o Ay, A%y, A%y, A%y,

Xg Yo

Ay,
Xy ¥ ﬁz}’u

Ay, ﬂa}rﬂ, ﬁ‘;}rﬂ

Xy Va ﬂzvl

Ay, Ela}:'1
Xg Vq Ay,

Ayrq
Xy ¥s
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Each difference proves to be a combination of the y values in column two.
For example

ﬁa}’u = ﬁz}’i - 52}’5

(v =2y, +y1) — (2= 21 + %)

ya—3y: 3% — %

For any positive integer [

Aty Z(_lji (i)}’f—r
r=0
i il
where {:r") T (i —r)!
Example

Let f be a function of x er v = f(x)with corresponding values as given below

x 1 2 3 4 5 6
Fx 4 2 2 14 40 86
.'?CE -_ .'xl},xi _______ xs

Fi = }Fﬂ!}rj_ _________ » }FE

To construct

The corresponding difference table we start by listing the values of x; and y; leaving a line
between x; and x4, then proceed to calculate the differences

38
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. v 1st order 2nd order 3rd order 4th order
: o Ay, 5-2}’5 5-3}’5 ﬁq}’i
1 4
(—2—4)=2
2 -2 (4—2)=2
2_-2)=4 8—2)=6
3 2 (12—4) =8 0
(14 —2) =12 (14—8) =6
4 14 (26 —12) = 14 0
(40 — 14)26 (20— 14) =6
5 40 (46 — 26) = 20
(86 — 40) = 46
[ 26
‘Which takes the form?
1st order 2nd order 3rd order 4th order
Xi Yi Ay, ﬁz}’u ﬂﬂ}’u ﬁ4}’u
1 4
2
2 -2 2
4 6
3 2 2 0
12 &
4 14 14 0
26 &
5 40 20
46
6 86
39
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Cot 2 conys ot DEMIIT E ACENCIEQC CVRER (KN
@ ACTIVITIES
Construct a difference table for f(x) = e* for x e [%, 0.16] with h = 0.01
Solution:
The given function and interval are used to construct data pints for (x;,¥;)
L X ¥i Ay, A%y, A%y,
0 0.10 1.10517
0.01111
1 011 111628 0.000111
0.01122
2 0.12 112750 0.00011
0.01133
3 0.13 1.13883 0.00011 0
0.01144
4 0.14 1.15027 0.00011 0
0.01155
5 0.15 116183 0.00011
0.01166
6 0.16 117351

- If the function is well behaved (thus) continuously decreasing or increasingly) the higher
order differences decrease in magnitude rapidly.
- If there are n tabular points we could obtain the differences upto (n — 1)th order.

- If round off errors are negligible in functional values higher order differences are
constants or nearly constants and AC = 0

40
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@ SELF-TEST QUESTIONS

1. Provethat A%y, = y, — 4y, + 6y, — 4y, + v,
2. Compute through third differences of the discrete function in the table below

i 0 1 2 3 4 5 6 7
x 1 2 3 4 5 6 7 8
v; 1 8 27 64 125 216 343 512

3. Construct a difference table for the data below

¥; 0 1 16 81 256 625 1296

3.4 Detection and correction of errors
Let there be an error e in one of the tabulated functional values. The difference
table will be as follows:

Error A AZ A3 A* A® A8
0
0
0 0
0 =
0 2 —4e
e — 3e 10e
e — 2e te — 20e
—e 3e —10e
0 2 —4e
0 — e
0 0
0
0
1) It is noted that the error spreads and has a larger magnitude for every successive
difference
41
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ii) The coefficient error e in the n**

coefficients of (1 — x)™ for example coefficients of A* are
1,33, —1since (1 —x)? =1 —3x+ 3x% — x°

(KM)

order differences are the same as the binomial

@ ACTIVITIES

Detect and correct one error in the data below

x 0 1 2 3 4 5 6 7 8 9 10
flx) |3 2 3 6 11 18 21 38 51 66 83
Solution

Constructing a difference table

X
0

10

flx) A AZ AB
3
-1
2 2
1 0
3 2
3 0
6 2
5 0
11 2
7 -6
18 —4
3 18
21 14
17 —18
38 —4
13 6
51 2
15 0
66 2
17
83
42
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Third order differences (4?) have errors in the ratio (—6,18, —18,6)which correspond to the
binomial coefficients for (1 — x)™, thus (1,—3,3,—1)multiplied by the error

e,—3e,3e,—e = (—6,18 — 18,6)

~ne=—6f

The error is in the value f(6) = 21
The actual value = 21_—= 27

Example 2

@ ACTIVITIES

Find and correct a misprint in the data below:

911

¥; 1 31 &9 113 223 357 521 739

Solution
Difference table
¥, A A? A3 A*
1

— 2
3 &6

— 8 — (&
11 12 — 0

—= 20 — &

31 18 — 18

— 38 — —12
&9 & — 72

— 44 60
113

66 — 108
223 110 — —43
— 18 — 122
351 128 — 24
42 — — 18
43
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521 —= 170 —
— 43 = 6
739 — 218 — —» a
— — 54 = (3]
1011 272

The fourth differences (—18,72,—108,72,—18) = (1,—4,6,—4,1)

The error e = —18
The erroris in y; = 113

~ 131 was misprinred as 113

@ SELF-TEST QUESTIONS

1. Find and correct a single error in these values

[ 0 1 2 3 4 5 6 7

¥; 0 0 1 6 24 60 120 210
2. Find and correct a misprint in the list below

1 2 4 8 16 26 42 64 93

3. The table below has one incorrect entry for f(x). Locate and correct and the wrong

Downloaded by Ambrose Mweu (ambrosehmweu@gmail.com)

value
X 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
fix) | 1.000 | 1.029 | 1.060 | 1.099 | 1.152 | 1.225 | 1.342 | 1.455 | 1.624 | 1.837 | 2.100
44
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3.5 Notations for Finite difference
There are three notations for the finite difference
a) Formard difference A

b) Backward differenceV
¢) Central differences &

The shift operator is denoted by E.

a) The shift operator E: this means shifting of one functional value to another. Let f; be the
functional value at x; such that f(x,) = fo. f(x,) = f —— ——f(x,) = f,
The shift operator is defined as

Ef; = fisa orf; = E = [

b) The forulard difference operator A:
This is defined as A= E — 1
The first difference is
Af;=(E-1Vf,=EF,—fi=fu1— L
the second difference is

A’f,=(E—1)*f,= (E*—2E + 1)f,

A fi=(E—- 1) f,
¢) The background difference operator ¥V
This is defined as
1
Vi, =f,- fi= A=EVf,= (1-3)f,
Vi =(1—E D, =(1-2E'+ENf,
=fi— 2fi-1+ fiz

vk JT(."E — [1_ E—ljk JT(."E
d) Central difference operator &
This is defined as
§=Eg"2_ g/
the first central difference at x; is

8%f. = (Elf'rz — E‘lx'r:)fz. = Elx’:ﬁ. — g2 fi
52f, = (Elf": - E‘lx":)gfi =(E-2+EDF

e) Relations between A,§ and V

All the three are defined in terms of the famous operator del V and hence they are related
A=E—1=E(1—-E"')=EV

= g2 [Elfz — Elf'“z} = EY/25
45
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3.6 Newton’s forward difference formula
This applies to equally spaced x; s thus x4, x; = x5 + h, x, = x5+ 2h— — — — with

corresponding ¥; s

The collocation polynomial can be expressed in terms of finite differences and factorial
polynomials. The summation formula
k

Vi = Z (f) Ay

i—0
leads directly to Newton formula for collocation polynomial written as
k

=3, (e,

i=0
an alternative form of the formula in terms of the argument x, may be obtained using
x, = xp + kh and proves to be

-
s

PO = 3o+ 3 (00) Gy =20) + (52

2,1 h? )(xk ) —xy) + —— ——

(ﬁlvu ) (x — xg) (X — Mz — %) + — —— — — —

3,1 h®
Ay,
(n' h”) (2 — 20 (e —%1) — — — — (= x4)
where Ay,, A%y, — — — A”y, are forward following differences

@ ACTIVITIES

Find the polynomial of degree three which takes the four values listed in the table

below
Xy 4 6 8 10
Vi 1 3 8 20
Solution
We first construct a difference table
K X Vi Ay, A? Vi A® Vi
" ) @
1 6 7 O S
’ @
2 8 8 7
12
46
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3 10 20
A"y, values have been circled. The values are upto A%y, which shows the polynomial is

of degree three

2(x—)  3(x—4) 4(x —4)(x — 6)(x— 8)

Plr)= 1+ 112 214 (x—6)+ 318
x%—10x + 24 x— 8)(x%— 10x + 24
1t (-4 43 = ), = 8)( > )

@ ACTIVITIES

Apply Newton’s formula to find a polynomial of degree four or less which takes the
values

3.7 Divided differences

The collocation polynomial for unequally spaced arguments x,, x; — — — x,, may be found
using lagrange polynomials and divided differences.

Let the data be of the

X, X, o [ S 3x,,

L L &

f; fx1) G fxn)

A divided difference table takes the form below

X; flxq] flI=-1  fl-—--] fl=———]
xy f [x1:|
X f [3‘5:] f[xz s Xy 1 f[xj_ :x:xa] f[xi 2 XXXy ]

X3 f [x5] flxz %3] flog 23245 ]
Xy f[x.] flxs.x, ]

The formula flowing diagonal coefficients are the ones needed to form the Newton'’s
interpolating polynomial. These values are calculated as follows:

47
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flx] =Ff(x)
fx, _f(x:'j)

Xy — Xy

[ _f(xz])

Xz T X

f [xpx;] :f( f [xa0x5] :f(

[fxpxg,x,] — f[fx:x:rxﬂj)

Xy T Xy

f [ x3,2,] :f(

The resulting Newton’s divided difference formula is

P, ()= folx) + (x _xu}f[xnrxi] + (x — %) f [xgr %0, %5]

Example + — —— +(x—x)(x —xy) —— — (x — 2, )f [y — —x,]
Compute divided differences through the third for the f (x,) values below.
Hence find the collocation polynomial.

fx) 1 1 2 5
Solution
, 1-1 7—1
f[ﬂrl‘]: T:ur f[lrz]zz 1:1
fl2al= o 5=3)
flo2l= ==1/, fliz4l= S+ -1=1/,
171, _ )
fFlo.124] = (L£2) = 7Y,
The divided difference table can be displayed as
X f(xi} f [_!_] f[_r_r_] f[_r_r _r]
o ®
C S © @
3 1
2 2 /5 o
3 5

The polynomial is given by taking the circled coefficients adnit is of degree 3.

1 _
s (D) =1+0(x=0)+ = &=, @E-D-2)

1 ,
= E [—xa + 9x° — 8x + 12]

48
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Example 2

Find the collocation polynomial for the data in the table below. Hence find f (3)

x; 1 2 4 6
f(x;) 1 8 6.4 216
Solution

The data is unequally spaced and so we construct a divided difference table.

x; f[xz:] f[_:_] f[_:_] f[_r_: T _:]

, W ©

N ()
4 6.3 12 @

6 216

The divided difference polynomial is of order three.

pa(x) =14+7(x—1)+7(x—1)(x—2)+ 1 (x— 1) (x— 2)(x—4)
=14+7x—7+7x*— 2(x+ 14
=x% — 6x*+ 8x— x"6x—8
=p3 (x) = «°

f(3)= 3% =27

Exercise
1) Construct divided difference for the data below and determine the collocation
polynomial

49
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fx:) 0 16 48 88 0
(
a
)
(b)
x; 0 1 4 6
f(x;) -0 -1 1 -1
© .
x; }fz 2
. 13
Fx) A 5/,
2) Consider the value of x; and f (x,) given in the table below.
x -1 0 2 3 4
fx) 2 1 5 10 17
(1) Construct a divided difference table for the above data and use it to
determine the divided difference interpolating polynomial.
(ii) Using the Lagrange interpolating formula determine the collocation
polynomial for the data.
(iii) Using the polynomials in (i) and (ii) compute (f(i) and compare the results.

1.

2.

@ REFERENCES

Numerical Analysis: Richard L. Burden, J. Douglas Faires

Numerical Methods for Scientific and Engineering Computation: M. K. Jain
Numerical Analysis: Schaum’s Outline Series

Advanced Engineering Mathematics: Arwin Kreyszig.

Any other relevant material (text) on Elementary Numerical Analysis.
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LECTURE FOUR

NUMERICAL DIFFERENTIATION

o 4.1 INTRODUCTION

Several methods are available to find the derivative of a function f(x). However, when

f(x)is a complicated function or when given in a tabular form, we use numerical

methods.

&g 42  LECTURE OBJECTIVES
By the end of this lecture the learner should be able to:
i) Obtain first and second derivatives using methods based on interpolation.
i) Obtain derivatives using finite differences.
iiii) Determine derivatives at non-tabular points.
iv) Compute errors involved in numerical differentiation.
51
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4.3 Definition of derivative
The first derivative of a function f (x) is given by

flxth)— 1 (x)

f'(x) = lim,_, .

Approximate derivatives of a function f{x) may be found from a polynomial
approximation P(x) simply by accepting p', p @ p® ------ in place of f ', {2 f3)------ .
Collocation polynomials lead to variety of formulae such as:

f (x+h)= f ()

D ) "

[ (x+h)—f (x-h)

i) ) x> 2%

; f{x)— f (x—h)
i)  f(x) ~ .

In each case only one term is being used and errors are expected. The accuracy of
derivatives tends to diminish with increasing order of the derivatives. For example f (x) -

p(x) may be very small while f'(x)- p'(x) is very large. Geometrically two curves may be

close together but still have different slopes. The reciprocal power of h is the derivatives
also magnify the error.

Numerical differentiation methods are obtained using methods based on interpolation,
finite difference operators and undertrained coefficients.

44  Methods based on interpolation

This involves :

(i)  Obtaining the polynomial P,(x) and differentiating Po(x) r times to get the ™"
derivative P, (x). The approximation error at any point x is given by

Er(x) =fO(x) -~ (x)

(i)  Using tabular points and Lagrange formula

P(x)=1yfy + Lf, ++1Lf

P =Lfy+ LUfy+-+ -+ Lf,

52
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@ ACTIVITIES

f"(2.0) using the methods based on linear and quadratic interpolation

Given the following values of f(x) = logzx, find the approximate value of f'(2.0) and

xi 2.0 2.2 2.6

fi 0.69315 0.78846 0.9555.1
Solution
i) Linear interpolation:

Consider the line joining (xy, fy) and (x4, f;)

' _ - fa _ 0.78846-0.69315
fxo)= = 5, = 047655

Xy — &g

ii) Quadratic interpolation
This is derived from Lagrange formula for unequally spaced nodes

p, ) =L,0Of + LA )+ LG &)

(x — 2 )(x — x3) (x — 290 (x — x4 (x — x0)(x — %) f

(xp — %) (xg — x1) ° (27 —xg) (21 — %) ' (2 — %) (33 — x1) ?
Differentiating

PL(x) (2x9 —x1 —X3) £+ (xp — x3) £+ +(xg —x1) f

(xp — x1) (xp — x2) (21 — xp) (%1 — %3

f (%) = Pa(xo)

, 4-2.2-26 Z-26
[ RO =, (0:69315) + -

(0.95551) = 0.49619

(0.78846) +

The exact value of f'(x) is given by

flx) = Inx, f'(x)= lfx,f’[z) = 0.5

53
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4.5

Hence the quadratic interpolation is more accurate than linear
Similarly

2
fnxn _ To I fa

(xg—2y) (g—21)  (xy—xg)(xy—23) (g —2g)(23—21)

Which is constant for all x € [x x5]

o _ 0.69315 0.78246 0.95551
f (2.0) = (—-0.2) (—0.6)  (0.2) (—-0.4) (0.6) (0.4)

Exact value " (x) = — 1 f"(2)= —025

xZv

The error in the second derivative is greater than error in the first derivative.

Methods based on finite differences

We consider the relation

Eftx)=fx+h = fx)+ hf" (x) + Z—Ef"[xj+...

n® D2
2!’

= (1 +hD + F oo )f (x) = e"? f(x)

in whichD = o is called the differential operator symbolicaly we get el

hD = logE

D= %lﬂgE = % log(1 + A) since E = (1 + A)
Using forward difference

D=-1,(1+4)

fle) =af =~ 1, (1+8)f =~ [a—ﬂz—z+§+ *";-H ...... |5

54
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Then the second derivative
f'0) = 8% =8(Af) = = (EME) f = <In(1+ ) In(1+A)f,

1 A% AR
= ATt ] (AT T

2 2, 11 .4 5

Truncating at the first term
r A i —A®
frix) ~ Hff with error E = —— fe)

r ﬂz " r B
and f"(x)=~ 5 fi with E :i_ﬂf(g)
So that

A f(e)~ h2f" (2) where x; < & < x
E= ——h?f" ()andE' = hf" (&)
ii) Using the backward difference

A= %11'15, where E = (1 —V)™?
__ln[l_?)l —1,! 1n[1—?)-['ﬂ"+2+ +- ]f

2 ?3 li.rZ li.r-fl

_ Y
= -1 Vit —fit oS fit

3 3 T}‘H—l

Second derivative

"y = A°f

= hlz [In(1 = V) In(1 -v)"*1 £

1
__2

[In (1-V) In(1 — V)]f;

ve Ve

=%[v2+vz+ += - ][?+2+ +§+---]
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4.6

1 11 3
=h—3[v2+v3 +o Vi 'cf5+---]fi

f”[ﬁ»’f]‘ =hl—3 (?2 f5—|—'i’3fi—|—£ V2 fi+§ \;r5fl_|_...)

Truncating at the first term

f () =7 VA with E= > f7(e)
f'() =5 V3 f  withE'=hf"(2)

Where x; < £ < xy

Derivatives at tabular points

Let the non-tabular points be x = x; 4+ sh Newton’s interpolating polynomial using
forward differences

flx) = f(x; +sh) = B, (s)

— 3
= f +sAf; +S[52—Iﬂf;§+sis—1)(s—z);ﬂ+---

d

d ds
f'x)= s (P,(s) = a5 Pﬂ(S}a

ds 1
from x = x; + sh= —=—
dx h

) 1 352 —65 + 2
f) = 4f, +(s —UE)azﬁ- +(T>a3;§ +
Second derivative at non-tabular point x:
d? d d d d 1 d?
" = — = —— = —— —_—— — P
o) =g b =y W h @y~ mm h®
1 652 — 185 + 11
f'G) =7 (0 + (s — DA, +( - )a‘*m---
(x) = x; + sh, atx = x;,5 =0

56
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A=y B2 fi+ Haa f 4

£(x) =%

1 11
N [ﬂzfs — 8% f + A% +]

1 h :
5= /2, x= xz--i—i — half may point
' n_1? _ L ARE g
f (xf-i_z)_h(&ff 24&ﬁ+ )
. h 1
f (xz-+5)=?(a2;§-—1/3a3;§+---)
S5=1, x= x; 4+ h, the next poent
' 1 1 1,1
frlon) = | A+ /5 Afy —- A fi + -

£ () = hl—z (&zﬁ- —11—2,5_4}§ _|_)

Truncating at first term only

' _ AR fitaf
) = no h

H( ) _ ﬂ'zf; _ ﬁ+2_zf;—+l+ﬁ
= = h?
At tabular points

e =% red=5%1

At half may point
, h Af;
f (xf+z) T h
. h A% f;
flsg) = 5
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At next point
+w = D
f xi'+ = i
A%,
e +m = =F
58
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Example
Estimate f'(0.1) and f"(0.1) from the function f'(x) =e*:0.1(0.05) 0.3 and

determine the accuracy of the result.

Solution

x; fi Ax10- A? A3 At
0.1 1.10517

0.15 1.16183 5666

0.20 1.22140 5957 291 15 -1
0.25 1.28403 6263 306 14

0.30 1.34986 6583 320

1
Fro) =+ (ﬂﬁ- — o0 + Y3 f = yntf +)
(Difference is almost constant when n = 3)
. 1
fr1) == (af-1,0 f + 138%h)

A*
h

= | =

The error generate willbe ¢ = —

; 1 _ _
f'(0.1) = 0 (5666 x107° — 1,!2 x 29x 10 5) = 1.1051 (rounded to 4 dp)

1 11
) = nz (8%f — 4%, LY A*fi 4 =)
for n =3

. 1 11 1
fr1) = 5 (A%f —A%f), e=_ A

1
© (0.005)%

(291 x 107° — 15 x 107°) = 1.104 (bounded to 3 dp)

In the first derivative

-1 A%
= - _— = 1 — = _4
error 2 h ’f4x[ﬂ.ﬂ5)':—1?'x1° 5) 0.5x10
In the second derivative
1o 1 ey _ 1 u -5 _ -5
error =X — A'f = 0057 12 (—1) x 107> = 0.37 x 10
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&
ACTIVITIES

Note: f(x) = e*, f'lx)=¢€" f"(x)=¢€"
f(0.1) = f'(0.1) = £"(0.1) = 1.10517
Error = 1.10517 — 1.104 = 0.00117

Example

Using the following data find f' (6.0), and f" (6.3), error = H[hzj

X 6.0 6.1 6.2 6.3 6.4

flx) 0.1750 |-0.1998 -0.2223 -0.2422 | -0.2596

Method of o (h) for f'(x,) is given by

Flag+h)=7{xg)
h

' _  [fe1)-f(6.0)  -01998-0.1750
f'(60) = = — — —3.748

flr[xn) =
Method of 0(h?) for f"(x) is

£7(xg) = flxg—h) — Ef;cnj +f (xg+h)

£"(6.3) = [f(6.2) — 2f(6.3) + f(6.4)]/(0.1)* = 0.25

60
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@ SELF-TEST QUESTIONS

D

Use the table below to find f' (1.4) and f" (1.4) using h = 0.1and h = 0.2

X 1.2 1.3 1.4 1.5 1.6

1.5095 1.6984 1.9045 2.1293 2.3756

)

Prove the relations below
-fa

fleo =315 =20

h

Bf' () = Afy—7 A% + 703

RFf(xg) = A%y — A3f +o A*fy+

Estimate the values of f' (0.05) and f''(0.05) using the data below

X 0.0 0.1 0.2 0.3 0.4

3.000 2.710 2.440 2.190 1.960

)

@ REFERENCES

1.

2.

Numerical Analysis: Richard L. Burden, J. Douglas Faires

Numerical Methods for Scientific and Engineering Computation: M. K. Jain
Numerical Analysis: Schaum’s Outline Series

Advanced Engineering Mathematics: Arwin Kreyszig.

Any other relevant material (text) on Elementary Numerical Analysis.
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LECTURE FIVE

NUMERICAL INTEGRATION

o 5.1 INTRODUCTION

In Applied Mathematics we are often faced with the problem of differentiating and
integrating functions which are defined in a tabular or graphical form rather than explicit
functions. Sometimes there are certain explicit functions which are difficult to integrate
in terms of elementary functions. In such cases one can resort to numerical integration.
In this lesson some methods of numerical integration will be discussed.

&g 5.2 LECTURE OBJECTIVES

By the end of this lecture the learner should be able to:

i) Derive the trapezoidal formula and use it to evaluate integrals.

i) Determine the errors arising from using the formula.

iii) Derive Simpson’s rule and use it to evaluate integrals.

iv) Achieve desired accuracy in numerical integration by using Romberg technique.

v) Derive and apply the Gaussian quadrature rule for numerical integration.

5.3. Definite and indefinite integrals

The indefinite integral of a function is another function or a class of functions, whereas the
definite integral of a function over a fixed interval is a number. For example:

Indefinite integral : fxzdx = 1f3 *+C
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2

2
< o . . 2y =1/ 3| =8
Definite integral : J X“dx = /SX fn = /3

]

The definite and indefinite integrals are related by the Fundamental Theorem of Calculus which
b

states that j; f (x)dx can be computed by first finding an anti-derivative F(x) of f(x) and then

evaluating F(b) —F(a)

[PF (9)dx = F(b) —F(a)

5.4. Trapezoidal rule

Consider the area under the curve f(x) from x=a to x=b divided into n equal strips of width
b—
Ta = h as in figure 1 below:

Y=f

A

Yy

_—//

Yn
Y1
Yo
x=a x=b
Figure 5.1

b
To estimate the area _fa f(x)dx =we join the tips by straight lines to form trapezia.

Then using the formula: Area of trapezium = h/’ 2 (a + b), where ( a+ b) = sum of parallel sides.
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b
f fx)dx = h/g (Vot+y1)+ h/g [I"'l"'li’z}"‘___h/g (Vn-1+¥a)

= ha’g Yo+ 2y1) + 2y —— —2¥,_1+¥n)

PEMULE AGENCIES CYBER

:h/g (Vo+¥u)+2(y1+y2+ys+———+¥n_1)

= hf(z [(sum of ends) + 2(sum of middles)]

Example

Use the trapezoidal rule with n =4 to estimate 2 f 1 x2dx

Solution: n=4, b—a=1, h=1/4

(KM)

X 1.0 1.25 1.5 1.75 2.0
F(x) =x> 1.0000 1.5625 2.2500 3.0625 4.000
Yo Vi Y2 Y3 Y4

[ x%dx =1/, x 1/, (1 +4) + 2(1.5625 + 2.25 + 3.0625) = 2.3438 (4dp)

Comparing with the exact solution

a2
2f x?dx = [“;]l =8/,-1/3="7/;= 2.3333

The area from trapezoidal rule is an over estimate. The error can be reduced by using

smaller strips. For example if 8 strips are used then h = 1/8
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X 1.000 | 1.125 1.250 1.375 1.500 | 1.625 1.750 | 1.875 2.000
F(x) | 1.000 | 1.2656 | 1.5625 | 1.890625 | 2.25 | 2.640625 | 3.0625 | 3.51625 | 4.000

2

flxzdx = lfzx lfg (1 + 4) + 2(sum of middles) = 1/16 (5 + 32.37425) =

2.3359 (4dp)

5.5. Error in Trapezoidal rule

n {n+1'

setting X = x,

M(x) = h®1s(s

hn+2

E. =
. ':n-l—l:]" i

hB 1
R1=—f s(s — 1)f"(g)ds
2 Jy

bfaw() () (e)dx
+ sh
-J(-2)-—-—(s—n)
ns[s—l}[s—z)———[s—

n)f**1(=)ds

s(s — 1) does not change sign in the interval [0.1], we get

Sz 5=1
- f [n)f s(s —1)ds, ne[0,1] = —f [n)l—— Py
5=0
— P (=1 ) = —Z £ (). Buth = (b —a)
5 n 6 12+ M
2 ) (b—a)
R, = — - (b— a)f (), which can be written as : [E¢| < h> =2 M

where M is the maximum value of f* on [3, b].
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@ ACTIVITIES

how many points should be used?

1 _
If the trapezoidal rule is used to compute fn e dx with an error of at most 0.0005,

Solution :
f(x) = e_"‘z,f’(}:} = —2x% e"‘z,f" (x) = (4x® — 2)&"“2

FO) =2  f)=2
g

(b—a) . h?(1)
T T

|E¢| < h? .2 < 0.00005

h? < (0.00005x6), h < +/0.0003, h < 0.01732

b—a

= = b7.7= 58
h 0.01732

n=

The strips are 58 and hence the points are 59.

@ SELF-TEST QUESTIONS
lginx

1. Many sub intervals are needed to approximate | —— dx
i X

With error not exceeding 0.5x107° using the trapezoidal rule?

2
11
2.Find the maximum error in emaluatingf x2dx withh = 2’8
1

comment on the results.
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5.6. Simpson’s rule

The Simpson’s rule gives a formula for an estimate of the area under the portion of a curve
between a and b in terms of three ordinates yo ,y1 and y,. Consider the are under the curve
y=f(x) as in figure 5.2 below

Y
A

Y,
Y1

<
o

v
x

Figure 5.2

By translation we could have the same area as in figure 5.3 below

y =f(x)
\A
Yo Y1 Y2
-h h
Figure 5.3

To approximate f(x) over [-h, h] by a parabola we have the required area as

ah®  bh® h] [a h®  bh? ]

hf h (ax2 +bx+c)d —[“g+'li+ ]h = [ 2 +2— +ch
+h (ax? +bx+c)dx = |7 3 cx_h— ; ;o tc . - t¢
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2 h
= Eah3 +2ch = E[Eah?' + 6¢)

From the figure (5.3),
yg=ah® —bh 4 cforx=—h, y; =cforx=0
y, =ah® +bh+cforx=nh
h 5 h 5 h
E[Eah +6¢) = 3 (2ah?® + 2c + 4c) = S o+ y2+4yy)
Considering the are under f(x) fromx=atox=Db
h h h
of £ =S otyityl+ e +aya+y )+ Gt dys +ye) + —— -

h
+ Ef}’n—z + 43"11—1 + E‘rn)

h
=S Wo+yn) + 202+ yet Yo~ —+¥n2) + 42+ yat ——— + ¥ao)

which can be summarized as:

h
3 (sum of ends + +4(sum of odd strips) + 2 (sum of even strips)

@ ACTIVITIES

A particle moves along a straight line so that at time t its distance s from a fixed point of
the line as given by

= —t(Va-®)

Use the Simpsons rule with 8 strips to calculate the approximate distance travelled by
the particle from t=0 to t=2

Solution
=

68
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S = th(fﬁ)dt

t 0 0.25 0.5 0.75 1.0 1.25 1.50 | 1.75 |2.00
E 0 0.706 1.403 2.065 2.646 3.074 3.225 | 2.847 | 0.0
dt

By Simpson’s rule

0.25
S=— ((0 + 0) + 4(0.706 + 2.0.065 + 3.074 + 2.847 + 2(1.403 + 2.64 + 3.225))

0.25
== (4(8.689) + 2(7.2) = 4.108

@ ACTIVITIES

2
Estimate _fl x”dx using the Simpson'srule with n = 4

A= > x7 (5+2(2.25) + 4(1.5625 + 3.065)

1[5 4.5 + 18.51) 28.1 2.3342 (4dp)
=5 + 4.5+ 18. =717 & p

5.7. Error in Simpson’s rule

The maximum error possible using Sampson’s rule satisfies

(b—a)h*m

E<| <
IEs| 180

Where M is the maximum f(V) on [a, b], [fV) is the fourth derivative]

@ ACTIVITIES

Estimate the maximum error in 1o 5x*dx using Simpson’s rule with n=4.

U
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Solution:
f(x) = 5x*, f'(x) = 20x3 f'(x) = 60x?, £”(x) = 120x, f(x) = 120

M = max % on [0,1] = 120

2
1 x(ljlﬁ) x 120

|Eg| = = 0.002604
180

@ ACTIVITIES

Using the trapezoidal and Simpson’s rules approximate the value of

1
J, * In (x + 1)dx using 9 (nine)ordinates. Compare your results with the exact

solution correct to five significant figures

Solution

1-0 1

8 3

vo =0 1n (0 + 1) = 0.00000

vy = %In (1 + %) = 0.014723
Vo = %In (1 —|—§) = 0.05579
yg = %In (1 +§) = 0.11942
Vg = gln (1 —|—§) = 0.20273
Vs = gln (1 —|—§) = 0.30344
Vg = gln (1 —I—g) = 0.45962
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?I (1 ?) 0.55003
y; =—In|1+—=)=0.
Y773 3

BI (1 8) 0.69315
ve=—In|{1+—-]=0.
Ye = g 3

By trapezoidal rule

Jy 160 = (0.0000 + 0.69315) + 2(1.66584) = —(4.02483) = 0.25155

By Simpson’s rule

1 1 1
f flx) = s (0.0000 + 0.69315) + 4+ 2(0.67823) = 22 (6.00005) = 0.2500
i)

Exact solution can be obtained by integration by parts

2
LetU=In(x+1), V=xU=lh—, V=X,

x+1’

1

1 x? 1 x?
f xIn(x+VDdx=—In(x+1) — |z[>-—x+In(x+ 1)
, 2 252 .

=[Fm2-3+3-lmz|= - 2=2=0.2500
2 4 2 2 2 4 4

Error in Trapezoidal rule =0.00155

Error in Simpson’s rule =0.00000

Hence Simpson’s approximation is more accurate than Trapezoidal rule in this case.
5.8. Tabular data

Numerical integration can be used to approximate the integral of a function described in
tabular form. In this case it is not possible to determine the error since the function is not
known.
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@ ACTIVITIES

shown in the table below

Suppose it is found experimentally that two physical variables x and y are related as

X 1.0 1.5

2.0

2.5

3.0

3.5

4.0

y 3.1 4.0

4.2

3.8

2.9

2.8

2.7

4f1f[x)dx can be calculated by follows :

Trapezoide rule == ((3.1+ 2.7) + 2(4.0 + 4.2+ 3.8+ 2.9 + 2.8)) = 10.3

Simpson's rule == ((3.1+ 2.7) + 4(4.0 + 3.8+ 2.8) + 2(4.2 + 2.9)) = 10.4
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@ SELF-TEST QUESTIONS

1. Use trapezoidal and Simpson’s rules to approximate the given integrals for the

stated values of n. Hence Estimate the error in each case
1
4f1; dx, n==o

3 dx
I —,n=2=8
0142’

ii. 3[W14+x3dyn=4
2. a) How large must n be if the trapezoidal rule is to estimate

ZJ' —xfdx . . 6
e with an error not exceeding 10

b) If Simpson’s rule is used to compute

1
J dx with an error of at most 10™® how many points should be used’
o X

4
3. Using trapezoidal and Simpson'’s rules, find fz f(x)dx from the data below

X 2.0 2.25 2.50 2.75 3.00 3.25 3.50 3.75 4.0

F(x) 4.12 3.76 3.21 3.58 3.94 4,15 4.69 5.44 7.52

5.9. Newton cotes and Composite formulae

The Trapezoidal rule and Simpson’s rule are examples of a class of methods known as
Newton -cotles formulae. They are used to approximate the integral

b
:=[ WO () dx
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B—
where W(x)=1 and the nodes x; are equally spaced with xo =a, x,=b and spacing hzTa

However Newton-cotes formula are generally unsuitable for use over large integration
intervals and where the nodes are not equally spaced.

The composite Trapezoidal rule

The composite formula is obtained by applying the simple formula to cover longer intervals

by subdividing the given interval. The interval [a,b] is subdivided into n intervals of length
N (b—a) . .

h= — . Denoting the sub-intervals as (xg, x;), (xg,%5), (x5, %3) — —— — — —

(x,_1,%,) wherex, = a,x,=b

x; = xp +ih,we write

!=th[x)dx= ijf[x)dx-i—f:zf[x)dx-l— e f

-n—

flx)dx

Evaluating each of the integrals on the right hand side of the above equation by trapezoidal
rule, we obtain

h
I=Jlh+ A+ E+H)+ ——— + (o + /)

= g[[ﬂ] +}fn)+ E(fl +fH—-—- +f‘1‘t—l}:|

Generally composite integration involves a piecewise integration.

M-1

h
T(f,0) =S [F@) + F@I +h ) fx)

K=1
@ ACTIVITIES
1 odx
Evaluate the integral I = f T using composite trapezoidal rule with 2,4, and
o X

8 equal subintervals
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Solution

i) whenn=2, h=1%=0.5
0.5
T = (f,lfz) = If[a) + (1) +2f (1;’2)]

1(1 : 1) i 0.708333
4 24

f(1)
f(0)

v

0 z 1 X
2
ii) when n=4, h= %, each strip is further divided into two
A

v

Figure 5.5

T (f, B = (]'2—25 (f(0) + f(1) +2 [f G) +f G) +f[%}] = 0.697024
75
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iii)  whenn=8,h =1/,

T(f,2)= = (£ + (1) + 2T, f ) = 0.694122

1 dx
0 1+x

The exact integral is: [ = | (1 + x)|§ = 0.693147

5.10. Romberg integration

Romberg integration uses the composite Trapezoidal rule to give preliminary
approximations and then applies Richardson extrapolation process to improve the
approximations. Romberg algorithm produces a triangular array of numbers all of which

b
are numerical estimates of the definite integral fa f (x)dx.

The array can be denoted by

The first column contains estimates of the integral obtained by composite (recursive)
trapezoidal formula. The first term is obtained with just one trapezium, second term with
two trapezia, third term with four trapezia and so on. Extrapolation for the other columns
is done using the formula

giTimt —ritd

L
K 41 — 1

@ ACTIVITIES

21
Find the approximate value of the integral fl . dx using Romberg integration with

n = 16.

TO
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Solution

First we compute the trapezoidal approximations starting with # = 2 and doubling n each
time. A table for values to be used may be constructed as below with
2-1

1
h=——=—=0.0625
16 16

X 1.0 |17 |18 |19 |20 |21 |22 |23 |24 |25 |26 |27 |28 |29 |30 |31 |20
16 |16 (16 |16 |16 |16 |16 |16 |16 |16 |16 |16 |16 |16 | 16

f(x)|1.0]16 |16 |16 |16 |16 |16 |16 (16 |16 |16 |16 |16 |16 |16 |16 | 0.5
17 |18 |19 |20 (21 (22 (23 |24 |25 |26 |27 |28 |29 |30 |31

0af 32 2
n=2:Tf= (—+ 2 (E)) =0.7083333

n=4:T)= % (1.5 + 2 (1/2_5 +1/ e+ 1f1_?5) = 0.6970238

n=28: T, = 0.69412185
n=16TY = 0.69314718

Using the extrapolation formula

#1it - 7}
4t —1

Tk

We compute the other columns

0_0
T} = 1 = 0.6944444

4T — T
Tl = % = 0.693253
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16Ty — T3

2
T2 = 0.6931746
3 15

and so on. Every entry depends only on its left and left-top neighbor. Continuing in this
way, we get the following table

0.7500000

0.7083333 0.6944444

0.6970238 0.6932539 0.6931746

0.6941219 0.6931545 0.6931479 0.6931474

0.69333391 0.6931476 0.6931471 0.6931472 0.6931472

The exactansweris In 2 = 0.69314718 correct to 8 decimal places.

The error at each stage of integration is given by Tz-k — In2 which reduces on successive
extrapolations or iteration.

@ SELF-TEST QUESTIONS

1
Use four iterations of Romberg integration to estimate ™ = fn T2

dx.

Comment on the accuracy of your results

5.11. Methods based on undetermined coefficients and quadrature formula

There is a large family of numerical integration formulae that conform to the pattern

b
fa fdx = A f(x) + Ay fl) + ——— + A, f(x,) s ¢y
In using this it is only necessary to know the nodes x,,x; — — — x,, and the “weights”
A4,A, — — — A, There are tables in which the numerical values of the nodes and weights

are listed. However they can be derived.

Theorem: Let g be a polynomial of degree n such that

78
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f; f(x) x*dx =0, k=0,1,2.....n-1, letx;, %, ... ... ... ... X,, be the roots of q. Then

[ reax= [ peax = i £ [ eitas - i Jip e pum—
a . i=1 a i=1

will be exact for all polynomials of degree =< Zn — 1

@ ACTIVITIES

Determine the Gaussian quadrature formula with three Gaussian nodes and three
1
weights for the integral f_l flx)dx

Solution:

We first find the polynomial q(x) required and its roots. For degree 3
Let q(x) = Cy + Cix + Cy x* + Gy x°

g (x) must satisfy the condition

1 1 1
— — 2 =
f_lq[x)dx = f_lxq (x)dx f_ x*q(x)dx =10

1
If Co=C, = 0then q(x) = C;x + Cyxandso [~ q(x)dx = [ % q(x)dx = 0

because the integral of an odd function over a symmetric interval is 0(Zero). In order to
obtain ¢; and c3 we impose the condition

1
f x(cix+ c;x%) =0
-1

-3 5
A convenient solution of thisis Ci1= ey and C; = . Hence

_5.3_3_ _ |5/ .2_3 e 3
q(x}—zx X x( fzx fz).Therootsofqare \{g,ﬂ, -

79

This document is available on Q stUdocu

Downloaded by Ambrose Mweu (ambrosehmweu@gmail.com)


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=sma-330-module-240909-094043

Get a copy at PEMULE AGENCIES CYBER (KM)

These are the Gaussian nodes for the quadrature formula.

To obtain the weights 4,4, and A; we use a procedure known as “Method of
undetermined coefficients”. We want to determine 4,, 4, and 45 in the formula

1
flf[x)dx=ﬂlf -|{3_,/5 + A,f(0) + A5 f |f3_/5 -—— (3
) v v

so that the approximate equality is an exact whenever f is of the form

ax?+ bx + c. Eqn—(3) will be exact for all polynomials of degree < 2 if it is exact for
1,x and x°

Arranging in a tabular form

f L.H.S. R.H.S.

1
1 f dx =2 Ay + A, + A,
-1

x flx dx =10 — lfg_f.jf-l1+ lfg_f.i.ala
] \ \

1
1
x 2 f_lxz dx = 2,/3 3,/5 A+ 3,/5143

Solving
Al +A2 +A3 = 2
Al _Ag = ﬂ

Al + Ag = IU/‘;WE ﬂbtaj.n Al - .4.3 - 5/9,}12 - Bf(g
Therefore the formula is

2

| b

1
[ pGax =571 (= s |+ 8/ 1@ + 5o
‘ \ y

80
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=1/g 5F | — |{3_/5 + 8f(0) + 5f |{3_,/5
\ \

This formula is called the Gauss-Legendre 3-point formula or the 3-point Gaussian
quadrature formula.

A Gaussian quadrature rule for the interval [-1,1] can be used on the interval, [a,b] by
applying a suitable liner transformation. In this case we can transform the interval [a,b]
into [-1,1] using the transformation:

xz(b;a)t+(b;—a)
giving f_lzw[x}f[x)dx = Xi=0 Az‘f[xi)

@ ACTIVITIES

Evaluate the integral

1
I= J (1 —x®)2 cosx dx using Gauss — Legendre three point formula.
-1

Solution
By formula

4

| 5

1
Jlf[x)dx =1/ 157 - |f3_,’5 + 8f(0) + 5f
) \ \

here f(x) = (1 —xzjgflz cos x. Hence,

=2/511 le/Ems |f3/5+ 4+ le_/Ecns |{3_/5 = 1.08979
v v v N
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@ ACTIVITIES

11
Evaluate I = fn I dx using Gaussian quadrature 3 point formula

Solution

First we covert the integral to [-1, 1] from [0,1]

! (b—a) (b—l—a)
tx = t
et x > + 2

x = (?)t+ (?) =1t+ 1/, de=1/,dt

1
11, zdt e _ 1
0 1+x dx = J-—1 (1+1,*'2{z+1]) N f 1 (z+3) with f(t) = +3

Using the formula:

f_llf[x)a:x=§ 5F( — |{3_f5 + 8f(0) + 5f |{3_fs - 1/,

\ \

+
- ||3.-"5+3 );3

S—I — 0.693122

[,
d%5+3

Comparing with exact value :

f : dx = |n (1 + x)|j = 0.69314718 (8dp)

@ SELF-TEST QUESTIONS

Use the Gauss-Legendre 3-point formula to evaluate the following:

1) f_llxﬁ dx 2) fl 2 3) f_ll e™™ cosx dx

=1 14ax*
. Jl cos 2x .
—dx
) 11+ Sinx
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LECTURE SIX

ITERATION TECHNIQUES

o 6.1 INTRODUCTION

discussed with reference to practical examples.

In this chapter the solution techniques to find the roots of a non-linear equation are

&g 6.2 LECTURE OBJECTIVES

By the end of this lecture the learner should be able to:

i) Define a root of a non-linear equation.

i) Use the bisection method to approximate a root of an equation.

i) Use the Regular Falsi method for root funding.

iv) Use the Newton-Raphson method for root funding.

v) Use the Aitken’s formula for accelerating the convergence of the iterative method.

6.3 Direct and indirect iterative methods

A problem of great importance in Applied Mathematics and Engineering is that of
determining the roots of an equation of the form f(x) = 0.

The function f(x) may be written explicitly as

84
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f[:x} = Pﬂ [x} = a-nxﬂ + aﬂ_lxﬂ_l + - - - + &1.7: + E'U
where P, (x) is a polynomial of degreen in x.the function f(x)may be know
only implicity as a transcendental function.

A number 7 is a solution of f{x) = 0if f(r) = 0and such a solution if called a root or a
zero of f(x) = 0. Geometrically y = f(x) intersects the x — axis at the root and a
function may have a multiple roots.

There are two methods of finding zeroes or roots off(x) =10

i) Direct methods
These methods gives the exact value of the roots in a finite number of steps for
example solution of the quadratic equation ax® + bx + ¢ = 0 which is

—b+bi-4ac
X =
2a
ii) [terative methods

These methods are based on the idea of successive approximations. Starting with
one or more initial approximation(s) to the root, we obtain a sequence of
approximates or iterates which in the limit converge to the root.

Convergence: A sequence of iterates (x;, ) is said to converge to the root £

lim |x, — | =0

k —oo

If x;, and x4 are two consecutive iterates then

|, .1 — x| = & where ¢ is the prescribee error tolerance. This may be used as a
stopping criteria.

6.4. The Bisection method

This technique is based on the intermediate value Theorem (IVT). Suppose fis a
continuous function defined on[a, b] with f(x) and f(b) of opposite sign. By the IVT there
exists a number p in (a,b) with f(p) = 0. We assume that the root in this interval is
unique. The method calls for a repeated halving (bisecting) of sub intervals of (a. b) and at
each step locating the half containing p.

To begin, seta; =a andb; = b and let P, be the mid point of [a, b] thus

2 2

Pj_: a1+
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If f(p) = 0then p = p, and we are done.

If f(P,) # 0, then f (p)has the same sign as either f(a, Jor f (b,)

When f(P; )and f (3, Jhave the same sign, Pe (P; b;)andweset a, = P, andb, = b,
When f(P; )and f (a,) have opposite signs Pe(a; P;Jandwesta, = a, b= P, we

reapply the process to the intervals [a,,b,].

A
Y

o) V=

F(p1)

v

Figure 6.1

Other stopping procedures can be applied for example we can select a tolerance £>0 and
generate P1, P ----- Py under a condition is met

| Pll'..r - P‘.ﬂ.r_l |
| Pyl

If (Pl < &

@ ACTIVITIES

Perform five iterations of the bisection method to obtain the smallest positive root of
the equation f(x) = x* —=5x + 1 =10

< £ Py+0
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Solution

Since f(0) = 0 and f(1) < 0, the smallest positive root lies in the interval (0,1)

Takinga, =0, b,=1 wegetP,= 1/(2 (0+1) =0.5

f(Py) =0.5°-5(05) + 1= —1.375

flay) f (P,) = 1(-1.375) < 0

Thus the root lies in the interval (0, 0.5). the sequence of intervals are given in the table
below

K Ap—1 b1 my fOmyg) flag-1)
1 0 1 0.5 = 0
2 0 0.5 0.25 < 0
3 0 0.25 0.125 = 0
4 0.125 0.25 0.1875 = 0
5 0.1875 0.25 0.21875 < 0

Hence the root lies between (0.1875,0.21875)

@ SELF-TEST QUESTIONS

Use the Bisection method to find solutions accurate to 10-2 for

i) x*—7x*+ 14x—-6=0o0n [0,1],
i) x—2"=0o0on/[0,1]
iii) e* — x*+ 3x —2=00n[0,1]

iv) xcosx—2x%+ 3x—1=0for[0.203], [12 13]
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6.5 Secant method and Regula falsi

if x,_; and x, are two approximations to the root of the equation f(x) = 0 then we
determine ayx + a; = 0 using the conditions

fe-1 = Ao Xy + a4

fo = agxp+ ay

feer = f[xk—l) and f, = f(xy)

Solving
0 = (fe — fu-1)
° [xk - xk—l}

X fyer— X1 i

a e
° (xk - xk—l}

The next approximation

X1 fo — % feoa

Xp41 =
fu —fe-1
. Ap = Xp—1
or xk+1_xk_f iy f
k— Je-1
where k=12 — —— —n -

For example

X2 :xl_;ill:;z (1)
Az = A — jc::jcll (f2)

Geometrically, in this method we replace the function f(x) by a straight line or a chord

passing through (x, fi,Jand (xj_4, fi,_1)- We then take the point of intersection of the
chord with the x axis as the next approximation.
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Xo

Figure 6.2

If the approximations are such that f}, f,_; = 0 the method is known as Regula-Falsi
method .

@ ACTIVITIES

solve x* — 5x + 1 = 0 using the secant method. Perform 3 iterations.

Solution

Taking the interval [0,1], f(0) =1 f(1) = -3

letx;=0,x3=1

B lx, — x,] B 1—0 B 3,
Xy = xl—mﬁ —1—(_3_1) (-3)=1-°/,=025
(x, — x4)
Xz = X3 — f;— fll f
0.25 — (—0.75) 1 64
= 0.34225

_ 15f(54 __ 3 18?';."54 137
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@ ACTIVITIES

Solve x* — 9x + 1 by Regula Falsi

Solution
let x; =2 ,x, =4
flx;) =-9, flx;) =29

(2, —xy) L (4—2) B
Fom—fo P =t T ey "

flxy) = 15.13 —22.263 + 1 = —6.13

2
Xy =Xy — 4— 2 (29) = 2.47368

f(x,) f(x3) < 0,choosing x, and x

2.47368 (29) — 2(—6.13
T 35.13

= 2.73989

Proceeding in this manner finally the method converges to 2.97281

@ SELF-TEST QUESTIONS

Use secant method to solve the equations below over the given intervals and accurate
to 104

i) x*+ 3x*—1=0,[-3,-2]
i) e* — 3x* = 0[0,1], [3,5]

iii) x* —cosx [-1,0]
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6.6. Newton-Raphson method

This is the best method for finding successively better approximations to zeroes (or roots)
of a real valued function. It converges quickly if the iteration begins sufficiently near the
desired root. In Newton -Raphson’s method it is assumed that the function f(x) is

differentiable and has a definite slope at each point and hence a unique tangent.

At a certain point (xg, f (x,) ) on the graph f there is a tangent such that

£(x) = f'(xy)(x — x,) + f(x,) iscloseto fnear x,

A

v

r X1 Xo

Figure 6.3

We take the zero of 1 as an approximation to the zero of f

The zero of [ is

f(x0)
f*(%)

Thus starting with x,; (an approximation to the root) pass to a new point x; obtained from

x1= xU_

above. The process can be repeated (iterated) to produce a sequence of points

Xy = Xy — fExl)
2R T i)

f[xzj'
TR )

The sequence of points will approach a zero (a root) of f sayr.
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If Newton'’s method is described in terms of a sequence x;,x4,x; — — — — then the
following recurssive or inductive definition applies

f(xy)

X = X, —
n+1 n f;[xﬂ:}

Since

fF[xﬂ) — E _ M

Ax Xp — [xﬂ+1:}

@ ACTIVITIES

Iff(x) =x* — x+1landx, =1

f(1) =1,then f'(x) =3x*—1,f'(1) =2

3’51:1_1/2:1/2

f(lfg)ZSX(g: f' (lfg):_lfq.

5/ax(—4)

25
¥y =3 — - =2.0385

@ ACTIVITIES

Use Newton Raphason method to find the square root of 612
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Solution

The function to use for x* = 612 is f(x) = x* — 612 =10
fllx) = 2x
With an initial guess x of 10

fxg) . 102 — 612

X, = % — 0-— " _356
70 ey 2.10
L &2
Xy =% — Jff;_i: = 35.6 — " = 26.3955056
1) LN

Successive iterations give

Xy = 24.7906355
xy = 24.7386883

xs = 24.7386338

Comparing with /612 = 24.73863375 x.is accurate correct to 1x 107*

@ ACTIVITIES

Find the positive root of f(x) = cosx — x°

using Newton — Raphson’smethod.

perfrom four iteration andx; = 0.5

Solution:
fllx) = —sinx — 3x°
ixy) —-cos(0.5) — (0.5)3

i) O Tsin(0.5) — 3(0.5)°
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= 11121416 = 1.112

f[xlj
fix)

x5 = 0.86763 = 0.867 (3dp)

Xy =Xy — = 0.90967 = 0.910

x, = 0.865477 = 0.865

@ SELF-TEST QUESTIONS

Exercise

1. Derive the Newton-Raphson iterative formula for solving f(x) = 0.
2. Apply Newton-Raphson method to determine a root of the equation

[) flx) =cosx—xe* =0, x, =0
i)  fl)=x*+ 2x* +10x — 20, x,= 1.0

iii) f(x) = 2x® — 5x% — 3, xy = 2.0
3. Locate the root of f(x) = e™™ — x that is nearest tog

4. Use Newton-Raphson method to find a solution accurate to within 10-4 for the
given function on the indicated interval
iy x*-2x"-5=0, [1L4]
i) x¥*+3x*—1=0, [-3,-2]

T

i) X —CcosSX [0, =

6.7. The AZ process (Aitken’s AZ method)

This process applies the idea of extrapolation to the limit in order to accelerate
convergence.

Let r be the root of the function f(x) = 0 and e,, the error in the n'™ iteration, then

e, =1 —x, = F(r) — Flx,_;)
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= F@ —x,_ ) =F@Ey_,
r— Xy ~ F () —x,)

T —Xppo S F () (r — xp41)
Dividing

= Xnp+1 . T—Xn

= Xnez r—Xn4
Solving for the root r we obtain

(x'l‘t +2 x‘]‘t+1)2

7= ZXn4+2 —
" Xnvz — Exﬂ +1 + Xn
[ﬂ'-';‘:.'rﬁl:]I
r= T ®
n

(A is the forward difference)

Equation ------- (*) above is the approximation formula for Aithen’s method.

x,, is obtained by writing x = F(x)and x, = F(x,_, ). For example x; = F(x,), x,
= F.once X, (initial approximation)x, and x,are known the rest can be obtained

For example

[xz _xl)z

Xy — 2%y + x5

Xy = F(x3),x5 = F(xy)

(x5 — x4)2

Xg — 2xy4 + x5

x5=x5—

X7 = F(xg),x%g = F(x7)

Xg — X7

Xg — 2%7 + Xg

@ ACTIVITIES

Solve x® + 2x* + 10x — 20 = 0 using Aitken'sA” method
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solution

Let x, = 1,x(x% 4+ 2x 4+ 10) = 20

20
x4+ 2x + 10

x=F(x) =

20
X, =F(X,) = F(1) == 1.538461538

20
X, =F(x;) = 5 = 1.295019157
20 20
( flg) + 2( ;’13)+1n
[xz - xljz
Xy =Xy — = 1.370813882
Xy — 2% + xp
Xy = F(x3),x5 = F(Xy)
[:-755 - x4)2
Xg = X5 — = 1.368808169
X — 2x4 + x5
X7 = F[xﬁ):xe = F(x7)
[xg _x?)z
Xg = Xg — = 1.368808108

Xg — 2% + x4
and so on

The equation
x* 4+ 2x* + 10x — 20 = 0, is commonly known as Leonardo’sequation and

its exact solution is 1.368308107
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@ SELF-TEST QUESTIONS

Solve the following equations using Aitken’s A? method
i) x* +4x* —10=10
i) 2x*—5x*—-3=0

iii) x* —2x* -5 =10

@ REFERENCES
1. Numerical Analysis: Richard L. Burden, J. Douglas Faires
2. Numerical Methods for Scientific and Engineering Computation: M. K. Jain
3. Numerical Analysis: Schaum’s Outline Series
4. Advanced Engineering Mathematics: Arwin Kreyszig.
4. Any other relevant material (text) on Elementary Numerical Analysis.
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